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A comprehensive theoretical study of the flow of power-law fluid in coiled tubing by
using the boundary layer approximation method is presented. First, a boundary layer
approximation analysis was applied to the governing equations of continuity and
motion of a power law fluid in the curved tubing flow geometry. Momentum integral
equations for the boundary layer flow were then derived and solved numerically. The
resulting solutions of the velocity field were used to develop a new friction factor
correlation in terms of generalized Dean number, coiled tubing curvature ratio, and
flow behavior index of the power law fluid model. The new correlation of this study
and a previous correlation by Mashelkar and Devarajan were evaluated using exper-
imental data obtained from full-scale coiled tubing flow experiments. An excellent
agreement was found between the new correlation and the experimental results. The
Mashelkar and Devarajan correlation did not result in any acceptable agreement
with the experimental data, nor did it match the Ito correlation for the limiting case
of Newtonian fluids (n = 1). This work extends the range of applicability of the new
correlation to fluids with flow behavior indices as low as 0.25, which would cover
most fluids used for coiled tubing operations in the oil and gas industry as well as
fluids used in other industries. © 2007 American Institute of Chemical Engineers AIChE J,
53: 2210-2220, 2007
Keywords: coiled tubing, non-Newtonian fluid, drilling/completion, stimulation, friction

pressure, curvature eﬁ‘ect

Introduction

Fluid flow in coiled tubing (CT) is featured by the second-
ary flows of the spiral form that are superimposed on the axial
primary flow, which causes greater flow resistance than in
straight pipes. The first theoretical study of fluid flow in
curved pipes was made by Dean,'? who, using a successive
approximation method, obtained an analytical solution for
fluid flow in a small-curvature pipe. He also showed that the
dynamic similarity of the flow depends on a nondimensional
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parameter that was later called Dean number. The preferred
definition of Dean number is: Np. = Nge(a/R)"?, where a and
R are the radii of the pipe and the coil, and Ny, is the Reyn-
olds number. The Dean number provides a fundamental pa-
rameter in developing flow resistance correlations for flow in
curved pipes. Since the pioneering work of Dean,' the flow
behavior of Newtonian fluids in coiled pipes has been studied
extensively, both theoretically and experimentally.’ The vari-
ous theoretical methods can be roughly grouped as analytical
solutions for small Dean numbers, numerical methods for in-
termediate Dean numbers, and the boundary layer approxima-
tion methods for large Dean numbers. Compared with its
counterpart of Newtonian fluid, the flow of non-Newtonian
fluid in coiled pipes has remained relatively unstudied.’
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CT has been successfully used in well drilling, completion,
stimulation, and many other operations in the petroleum
industry. The use of CT in these applications unexceptionally
involves pumping fluids (typically non-Newtonian fluids)
through them. Yet, correlations that can be used to accurately
predict the frictional pressure losses and power requirement
for pumping these non-Newtonian fluids through CT are not
available.

The objective of this study is to theoretically investigate
the flow problem of non-Newtonian fluid in CT and to de-
velop correlations for predicting frictional pressure losses.

Considering that the flow conditions encountered in most
CT operations fall in the range of large Dean number, the
boundary layer approximation approach was adopted. Accord-
ing to the theory of this approach, the pipe cross-section can be
divided into two regions: the central inviscid core and the thin
boundary layer surrounding it where the viscous effect is sig-
nificant. This concept has been supported by experiments and
numerical simulations,*” which showed that at large Dean
number, the secondary flow is essentially confined to a thin
boundary layer near the tubing wall. Studies of this category
include Adler,* Barua,® Mori and Nakayama,9 Ito,'° and
Mashelkar and Devarajan.'' The approach of Ito'® and Mashel-
kar and Devarajan'' was closely followed in this study.

A new friction factor correlation has been developed based
on the numerical solutions of the velocity field from the
boundary layer approximation analysis. The new correlation
was then verified using the experimental data from full-scale
CT flow experiments. A previous correlation by Mashelkar
and Devarajan'' was also evaluated with the experimental
data and the Ito'® correlation.

Mathematical Formulation
Governing equations

The toroidal coordinate system, shown in Figure 1, is used
to represent the flow geometry of fluid flow in CT. Here, u,
v, and w represent velocity components in the directions of r,
0, and ¢, respectively. @ and R are the radii of the CT and
the tubing reel, respectively. The ratio, a/R, is often called
the curvature ratio.

Z

Figure 1. Toroidal coordinate system.
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Several assumptions have been made and they are as fol-
lows:

(a) The flow is steady and fully-developed laminar flow;

(b) The curvature ratio (a/R) is small;

(c) The pitch of the CT is negligible;

(d) The Dean number is large, and therefore, only viscous
forces are important in a thin boundary layer near the tubing
wall, and the flow outside the boundary layer is influenced
by the inertial and pressure forces alone.

(e) The rheological behavior of the fluid can be described
by an Ostwald-de Waele power law model.

The equations of motion and continuity are as follows:'"
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where p is fluid density, p is pressure, and T,., Tgg, Tr0, Trps
and 7y, are stress terms. The second index of these stresses
indicates the direction of stress and the first index indicates
the plane of the stress. For example, 7,4 indicates stress in
the direction of ¢ on a plane that is normal to direction of r.

The overall flow through the tubing cross-section can be
divided into two regions: a central inviscid core and a thin
boundary layer adjacent to the tubing wall, schematically
shown in Figure 2. The central part of the fluid will be
driven towards the outer wall because of the centrifugal
force. The fluid entering the boundary layer will be pushed
back along the wall toward the inner side. This will result in
the double vortical motion in the cross-section of the tubing.

Flow equations outside the boundary layer

In the region outside the boundary layer, the axial velocity
distribution is more uniform than in the boundary layer, and
therefore, the secondary velocity components, u and v, may
be small compared with the primary component w, i.e., u
and v < w. Considering that the viscous effect can be
neglected in the core region,* ' Egs. 1-3 reduce to:

w?cos 0 10p
R~ por 6)
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Figure 2. Flow model showing the inviscid core and
boundary layer.
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and if p is eliminated from Egs. 6 and 7, we have
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which gives
w = F(x) (11)

where F is an arbitrary function of x.
From Eq. 4, we can introduce a stream function ¥ so that

10y oy
=—— =—-— 12
a0 or (12
Inserting Eqs. 11 and 12 into Eq. 8 and integrating, we have

Cy
PRF'(x)

V= + const. (13)
where F'(x) = dF/dx. The function F(x) will be determined
later from the condition of continuity of the secondary flow
between the core and the boundary layer.

Boundary layer equations

In the boundary layer, the axial velocity component w will
be reduced from a value, wy (here the subscript 1 denotes the
edge of the boundary layer) at the edge of the boundary layer
to zero at the wall (no-slip boundary). Therefore, the second-
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ary flow component v becomes comparable with w. To
obtain simplified equations for the boundary layer, we con-
duct order of magnitude analysis:

0 1 o 0
14
where ¢ is the boundary layer thickness.
Equations 1-4 then reduce to:!1:12
2 2
vw cos():_l@ (15)
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Ou 10v
5+;% =0 (18)

Next, Egs. 16 and 17 will be further simplified. Equation
15 indicates that the pressure variation over the boundary
layer is only of the order ¢, and can be neglected. Therefore,
we have p(r,0,¢) = p(0,¢) where the subscript 1 denotes
the edge of the boundary layer. Hence, from Eq. 7,

0
8—’;: —p%w$ in 0 (19)
Equation 16 then becomes:
v vy wi—w? 1070
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Further order of magnitude analysislo’11 shows that the
first term on the right hand side of Eq. 17 can be neglected
because of its small magnitude and hence Eq. 17 can be sim-
plified as:
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If a power law rheological model (t = K7") is assumed,
Egs. 20 and 21 can be written as:
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where n and K are the flow behavior index and consistency
index of the power law model. In Eqs. 22 and 23, we
neglected the effect of (Ov/Jr) on the total shear rate, since
(Ov/Or)* < (Ow/Or)* for a/R < 1.
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For boundary conditions, we shall have approximatelym’11

rma—s veo, Peo 4)
or

F=a—0, w=w, (al)go 25)
or),

Continuity of the secondary flow

In Figure 2, let A and B be the points on the outer edge of
the boundary layer. Using Eq. 13, the flux across a curve
ACB drawn outside the boundary layer is:

Casin 0

PRF/(x) (20)

B
/ d¥Y =Yg — YA =
A

Across AE, v = 0 for reasons of symmetry. Across BD, the
flux is [ vd¢, where

E=a—r 27)
We have then
Casin0 0 .
—pRF’(x) = /0 vdé& (28)

Considering x &~ a cos 6 in the thin boundary layer, we
have

dw 1 dw,
F —_— 29
() = = " Zsin0 do 29)
From Egs. 28 and 29, it follows that
dwy _ _Ca2 sin® 0 30)

o PR fg vd¢

Considering the force balance for a cylindrical volume of
length Rd¢ and radius a, we have

/ / { (P + —d(/))} rdrdf = Rd$p2a /01I T,9d0

(€29

Hence,
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== o d0 32
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Boundary layer momentum integrals

Integrating Eq. 22 over the boundary layer thickness ¢ and
using Egs. 18 and 24, we have

a
; 2 =0 =

:9/ Vidé +— s1n0/ (w? —whdé  (33)

Similarly from Eq. 23, we have

a d (5 d (5
Shgleig = W — dé — — d 34
p‘C ¢|€70 wld@/ vdé d@/ wwdE (34)
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Application of the Pohlhausen method

The Pohlhausen’s approximation method is followed for
solving the velocity distribution in the boundary layer. We
are looking for solutions of v and w in the boundary layer
that satisfy the following boundary conditions:

E=0:v=0, — WIZHO Ip(; (—%>’1_1<%)} (35)
E=o: vfo,gg 0 (36)
é:o:wzo,g%v:o 37)
E:é:w:wl,g—vgzo (38)

The earlier conditions can be satisfied by the following ve-
locity profiles:'!

2 n—1 . 9
' (_) P = 5" g () + Sh(n) (39)

3 KR
and
w = wik(n) (40)
where,
1
g(n) = ¢ (21 = 30" + ") (41)
1
h(n) =2 (n=3n" +21") (42)
1
k(n) =5 (3n =) 43)
and
RS
=y (44)

S can be considered as a shape factor of v-velocity compo-
nent and is a function of angle 6. Now our task becomes
solving for J, wy, and S from the two boundary layer mo-
mentum integral equations (Eqs. 33 and 34) and the bound-
ary layer continuity equation (Eq. 30) as well as the bound-
ary conditions.

To reduce Egs. 33, 34, and 30 to nondimensional form,
the following dimensionless variables are defined:

3o = (Q)Deol/“*” (45)
a
Sy =~ (a/R)"2 (46)
wio
Wy = - @7)
Wio
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where,
Dey = NReg a/R (48)
and wy is the value of wy at 0 = 0. N'ge is defined as:

n.2—n
Ny = 2072 (49)

Since the specific expressions for g(1), h(n), and k(y) are al-
ready given in Egs. 41-43, the integrals and the terms of
T9le=0 and T,4l:=¢ in Eqgs. 33 and 34 can be evaluated. The
final differential equations in a nondimensional form are
obtained as the following:

2(n—1)
(;ie |:31175 (%) 5§(n+1)+lw(2)(3—n) SiIl2 0

101 /2\""!
+%<§> 5n+2 3 nS Sln9+ 5 S2:|

2 1-n . n—1
[;5 w sin 0 — <§> Svgg ] (50)
d (1 /2\"" 500
Wy — {— <§> 5Z+2w37” sin0+ST

do |3
2 n—1
- % [136 <§> O 2w sin 0

25 2\ 'w!
50 oVo =1 Py = 1
= ws} 0<3) (51)

dw, 1200 sin” 0 52)

do [4 3 "_152+2w(3,‘” sin 0 + 38050}

where,

() /60d0 (53)

The task now becomes solving for J,, w,, and S, as func-
tion of 6 from the coupled, nonlinear ordinary differential
equations (Egs. 50-53). This can be accomplished by inte-
grating Eqs. 50-52 with the angle 0 in the range of 0—n. A
Runge—Kutta scheme was used to solve the system of ordi-
nary differential equations. The initial condition (at 0 = 0)
was determined following Ito’s approach.'® In the neighbor-
hood of 6 = 0, let

Solution Procedure

8o = 300 (1 + 8,007 + ) (54)
So = So10(1 + S30° + -+ (55)
Wo=14wnl*+--- (56)

Substituting these expansions into Egs. 50 and 51 leads to
two equations for d,9 and S,; with the flow behavior index
(n) of the power law model as a parameter.
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Therefore, for a given value of n, the initial condition can be
determined by solving the earlier two equations. To evaluate
o from numerical solutions of w, and J,, the Simpson’s rule
was employed for the numerical integration in Eq. 53.

Note that to solve for J,, w,, and S, numerically, the value
of o must be known. But Eq. 53 indicates that o depends on
the solutions of J, and w,. Therefore, a trial-and-error
method is needed. First, with an assumed value of o, Egs.
50-52 were numerically integrated. Then J, and w, thus
determined were substituted into Eq. 53 and a new value of
o was found. The calculation procedure was repeated until
the difference between the assumed value and the calculated
value of o satisfied a specified convergence criterion.

Once the solutions for dimensionless variables J,, w,, and
S, are obtained, the velocity field both in the boundary layer
and the central core can be defined by using Eqs. 11-13, 29,
30, 39, 40, and 45-47. Friction factor correlations can then
be developed, as will be shown later.

Results and Discussion
Numerical solutions of Eqs. 50-52

Numerical solutions of the governing equations, Eqs. 50—
52, were obtained for a wide range of flow behavior index
(n)
solutions of o,, S,, W, for n = 1.0, 0.9, 0.7, 0.5, and 0.3,
respectively. To check the accuracy of the calculation
method, the results of the Newtonian fluid (n = 1) were
compared with the Ito’s solution. Our results were in excel-
lent agreement with Ito’s result.

204 n= 080T
0.5 030

Dimensionless Boundary Layer Thickness, &,
b
i

[t} 13 30 4 &0 [ a0 105 120 15 1 165 180
Anghe from x-axis, &
Figure 3. Dimensionless boundary layer thickness, d,.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 4. Dimensionless v-velocity component factor, S,.

[Color figure can be viewed in the online issue, which is avail-
able at www.interscience.wiley.com.]

Figure 6 shows the profiles of boundary layer thickness
(normalized as d/a) for flow behavior index n = 0.95 and
0.5, and Dean number D, = 200 and 500, respectively. It
can be seen that as the Dean number increases, the boundary
layer becomes thinner. As n decreases from 0.95 to 0.5, the
boundary layer adjacent to the outer wall becomes thinner,
while it is becoming thicker at the inner side of the tubing
wall. This implies that as the flow behavior index n
decreases, the high velocity will shift more and more toward
the outer wall, whereas the cross-sectional area near the inner
wall will contribute less and less to the total flux.

Development of new friction factor correlation

The Fanning friction factor, f, can be defined as
9
o )] eo 0
4(5pv2)

The pressure gradient (Op/O¢) is related to the flow field
through Eq. 32. Following the Ito'” and Mashelkar and

-

=)
o

=)
S

0.8

Dimensionless Axial Velocity at Boundary Edge, w,
=]
n

o 15 ) 45 1) ke 90 105 120 125 150 185 180
Angle from x-axis, 0, *

Figure 5. Dimensionless axial velocity at the outer
edge of the boundary layer, w,,.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 6. Effects of flow behavior index and Dean num-
ber on the profiles of the boundary layer
thickness.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Devarajan’s'' approach, the following equation can be
derived from Egs. 59 and 32:

—3n/(n+1)
f _ 2n/(n+l)aDe_l/(n+l) (%) 1/2 (V_m> (60)

w10

where o is determined from Eq. 53.

Therefore, if (vi,/Wyo) is known, the Fanning friction factor
can be calculated. In fact, (v,,/w;o) can be determined from
the numerical solution of fluid velocities as follows.

The total flow rate, O, through the tubing cross section
can be calculated by integrating velocity in the core region
and the boundary layer region:

a 7 J
0=2 wiVa? — xdx — Za/ / (w1 —w)d&do  (61)
a o Jo

The mean axial velocity is expressed as:'®

2 T[ T
Vi = 0 —/ wi sinzeda—i/ w16d0 (62)
0 47ta 0

na®> T

This can be written in nondimensional form as

2 T
dmo_ —/ w, sin” 0d0

Wio TJo
3 v (2—n)/(n+1) ,n
__2—(n+2)/(n+1)Dg1/("+1)(_m> /woéodG
s w10 0

or

v v (2—n)/(14n)
M _p— yDe—l/("H) (l) (63)
wio w10
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in which

2 T
p== / w, sin” 0d0 (64)
T Jo
3 )/ [T
y==2 Wo0,d0 (65)
T 0

Equation 63 indicates that once the flow field (w,, J,, and
S,) are solved, the term (v,,/wi9) can be determined for a
given Dean number, D., since f§ and y can be calculated
from the numerical solution. Table 1 shows the solutions of
(Vm/W1o) for various D, and n values.

Based on Table 1, the following empirical correlation can
be developed:

Ym _ ¢y +c2InDe + c3n + C4(1I1De)2 + ¢sn® + cenln D,
wio

(66)

where ¢; = 0.156898, ¢, = 0.0851820, c3 = 0.0188959, c4
= —0.00715958, ¢c5 = —0.152792, and ¢ = 0.0309871.

For each value of n, an o value can be calculated through
Eq. 53. o can then be correlated with n:

a=[d +b In(n)? (67)

in which @ = 0.669734019, and ' = —0.203276681.
Let Y = (vi/Ww10), then the Fanning friction factor can be
written as:

f _ 2n/(n+1)(xD_l/(n+1) (z) l/zy—3n/(n+1) (68)
¢ R

where,

Y=c+c2InDe + c3n+ c4(lnDe)2 + csn® + conlnD. (69)

Since the generalized Reynolds number has been widely
used for non-Newtonian fluids, we introduced the following
generalized Dean number based on generalized Reynolds
number:

NDNg :NReg(a/R)l/z (70)

It can then be shown that

o (3n+ 1"
D, = 23(n=1) (T) NpNg (71)

where Nge, is the generalized Reynolds number. Therefore,
for a power law fluid with the rheological parameters (n and
K;,) known, the Fanning friction factor through CT can easily
be calculated using Eqs. 68—71.

As the friction factor correlation is a fit of a convenient
functional form to the numerical computations, the use of
such correlation must be strongly restricted to the conditions
for which the correlation was developed, i.e., 0.25 < n < 1
and 50 < 2°“"V[Bn+1)/(3n)INpng < 650. Application of

this correlation out of these ranges is not recommended.
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Table 1. Values of (vp,/w19) Calculated Based on Numerical Solutions

Flow Behavior Index

0.95
0.3731
0.4132
0.4323
0.4442
0.4525
0.4587
0.4635
0.4675
0.4708
0.4736
0.4760

0.9
0.3800
0.4186
0.4369
0.4482
0.4560
0.4619
0.4665
0.4702
0.4733
0.4760
0.4783
0.4802
0.4820

0.85
0.3865
0.4236
0.4411

0.8
0.3927
0.4282
0.4449
0.4550
0.4620
0.4672
0.4713
0.4745
0.4773
0.4796
0.4815

0.75
0.3984
0.4324
0.4482
0.4577
0.4643
0.4692
0.4730
0.4760
0.4786
0.4807
0.4825

0.7
0.4037
0.4361
0.4510
0.4600
0.4661
0.4707
0.4742
0.4770
0.4794
0.4813
0.4830
0.4845
0.4858

0.65
0.4079
0.4389
0.4531
0.4615
0.4673
0.4715
0.4748
0.4775
0.4796
0.4815
0.4830
0.4844
0.4856

0.6
04116
0.4412
0.4546
0.4625
0.4679
0.4718
0.4748
0.4773
0.4792
0.4809
0.4824
0.4836
0.4847

0.55
0.4143
0.4426
0.4552
0.4626
0.4676
0.4713
0.4741
0.4763
0.4782
0.4797
0.4810
0.4822
0.4832

0.5
0.4158
0.4429
0.4548
0.4618
0.4665
0.4699
0.4725
0.4746
0.4763
0.4777
0.4789
0.4799
0.4809

0.45
0.4159
0.4421
0.4535
0.4601
0.4646
0.4678
0.4702
0.4721
0.4737
0.4750
0.4761

0.4
0.4145
0.4399
0.4508
0.4571
0.4613
0.4643
0.4666
0.4684
0.4699
04711

0.35
0.4119
0.4366
0.4472
0.4532
0.4572
0.4600
0.4622
0.4639
0.4653
0.4664
0.4674
0.4682
0.4689

0.3
0.4082
0.4324
0.4425
0.4483
0.4521
0.4548
0.4568
0.4584
0.4597
0.4608
0.4617
0.4624
0.4631

0.25
0.3984
0.4228
0.4331
0.4389
0.4426
0.4453
0.4473
0.4489
0.4501
04511

0.3659
0.4074
0.4274
0.4398
0.4485
0.4550
0.4601
0.4643
0.4678
0.4708
0.4734

50
100
150
200
250
300
350
400
450

0.4518
0.4592
0.4648
0.4691
0.4726
0.4755
0.4780
0.4801
0.4820
0.4836
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500
550

0.4722
0.4730
0.4738

0.4520
0.4528
0.4534

0.4756
0.4776

0.4782
0.4800

0.4833
0.4848

0.4841
0.4855

0.4771
0.4779

00
650
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Comparison with previous work

Comparison with the Ito, and Mashelkar and Devarajan
Correlations (Newtonian Fluid). For n = 1 (the Newtonian
fluid case), the Ito'? correlation can serve as a good check
for accuracy of the newly developed correlation.

Ito'° correlation:
1720\ 2 1315]
1+ N —W (72)
e D.

Mashelkar and Devarajan Correlation:

_ 1654(%) PN
R De

= (9.069 —9.438n + 4.374n*)(a/R)" D" 7050
9.069 — 9.438n + 4.374n)(a/R)" D078 +01220) (73

Figure 7 shows the plots of Fanning friction factor versus
Dean number (D.) for Ito,'® Mashelkar and Devarajan,11 and
the new correlation of this study at curvature ratio of 0.01. It
can be seen that there is an excellent agreement between the
new correlation and the Ito correlation. But, the Mashelkar
and Devarajan correlation fails to closely match the Ito cor-
relation. The deviation between the Mashelkar and Devarajan
correlation, and the Ito correlation is 14-22%. This discrep-
ancy was also pointed out previously by Hsu and Patankar,'?
and Mujawar and Rao."*

Comparison with Mashelkar and Devarajan
Correlation (Non-Newtonian Fluid)

Mashelkar and Devarajan'' correlation is the only avail-
able correlation based on the similar approach of approxi-
mate boundary layer analysis for non-Newtonian fluids and it
has been referenced in literature.'”> Therefore, it would be
useful to compare our result with this correlation.

Figure 8 compares the Mashelkar and Devarajan correla-
tion and our new correlation for the conditions of n = 0.6
and curvature ratio = 0.01. It can be noted from the results
of Figures 7 and 8 that as flow behavior index n decreases,
the deviation between the new correlation and the Mashelkar
and Devarajan correlation becomes greater than for Newto-
nian fluid. Figure 9 indicates that according to the Mashelkar
and Devarajan correlation, the flow behavior index (n) almost
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Figure 7. Comparison with Ito correlation (n = 1, a/R =
0.01).
[Color figure can be viewed in the online issue, which is

available at www.interscience.wiley.com.]
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Figure 8. Comparison between the new correlation and
the Mashelkar and Devarajan correlation (n =
0.6, a/R = 0.01).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

has no effect on friction factor in CT. In contrast, according
to the new correlation of this study, the friction factor
decreases with decrease of flow behavior index, as shown in
Figure 10. The discrepancy between the Mashelkar and
Devarajan correlation and the new correlation could be due
to errors in Mashelkar and Devarajan’s equations (such as
errors in Egs. 58, 59, and 67 in Reference 11) and/or errors
in numerical solutions.

Furthermore, in the work of Mashelkar and Devarajan, nu-
merical solutions were obtained only for four n values (n =
1.0, 0.9, 0.75, and 0.5). Since their correlation could not
match the Ito correlation even for n = 1, the correlation
based on the four n values is questionable. Our new correla-
tion not only matches the Ito correlation for n = 1, but it is
also based on a much wider range of n, i.e., from 0.25 to 1.0
in steps of 0.05.

Comparison with experimental data

Experiments of fluid flow in CT have been conducted
using a full-scale CT flow loop used for a joint industry pro-
ject at the University of Oklahoma. The flow loop includes
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Figure 9. Effect of flow behavior index by Mashelkar
and Devarajan correlation.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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several reels of 25.4, 38.1, and 60.3-mm CT strings and
straight tubing sections. The combinations of the three CT
diameters, i.e., 25.4, 38.1, and 60.3-mm, and 3-reel drum
diameters result in curvature ratio values of 0.0113, 0.0165,
0.0169, and 0.0185.

Fluids tested are typical drilling, completion, and stimula-
tion fluids used in the oil and gas industry, including poly-
meric solutions and surfactant-based fluids. An oil-based
drilling mud was also tested. These fluids are generally non-
Newtonian and can be described by a power law model
within the flow conditions investigated.

The primary measured data include the gross flow varia-
bles such as frictional pressure drops across different tubing
sections at various flow rates. Rheological properties of fluids
were evaluated using a Bohlin rheometer and a model 35
Fann viscometer. More detailed description of the experimen-
tal facility and experimental procedures can be found else-
where.'® The experimental data were used to evaluate the
newly developed friction factor correlation.

Example 1—laminar flow of 7.2 kg/m’ HPG
in 60.3-mm CT

A 72 kg/m3 HPG (hydroxypropyl guar) gel was pumped
through the 304.8-m long, 60.3-mm diameter CT reel to
investigate the laminar flow behavior of non-Newtonian fluid
in CT. Rheological properties were evaluated using a Model
35 Fann viscometer: n = 0.314 and K, = 4.930 Pa s”". The
experimental data and the predictions by our new correlation
(Eq. 68) are shown in Figure 11. From the Srinivasan corre-
lation,"” the critical Reynolds number for Newtonian fluid in
this coil is 5528. The critical Reynolds number for non-New-
tonian fluids should be higher than this value.

It can be seen that the new laminar flow correlation of this
study matches the experimental data reasonably well for the
generalized Reynolds number up to 6000. Except the first
data point, where the flow rate was very low, the absolute
deviation varies from 0.01 to 9.3% with an average absolute
deviation of 4.2%. At generalized Reynolds number greater
than 6000, the correlation begins to deviate from the experi-
mental data points. As generalized Reynolds number
increases from 6558 to 9349, the friction factor predicted
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Figure 10. Effect of flow behavior index by the new
correlation (a/R = 0.01).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 11. Friction factor of 7.2 kg/m® HPG in 304.8-m
long, 60.3-mm OD coiled tubing (a/R = 0.0185).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

from the correlation is 7.3-17.5% lower than the experimen-
tal data. Considering the high accuracies of the pressure
transducers and the flowmeters, the random errors in mea-
surement are much smaller than the deviations observed
above (7.3-17.5%). Therefore, the reason for the deviation of
the correlation with the friction factor data for Reynolds
number greater than 6000 is most probably because the flow
may have been in turbulent flow regime. Since one basic
assumption of the boundary layer approximation approach is
that the Dean number should be large, the new correlation is
not recommended for Npy, < 100. Fortunately, the flow con-
ditions for field applications of CT would generally satisfy
the requirement of large Dean number.

Example 2—3.6 and 4.8 kg/m® guar fluids in
60.3-mm CT

Figure 12 shows the plot of Fanning friction factor versus
generalized Dean CT. It compares the experimental data and
the predictions by the new correlation and by the Mashelkar
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Figure 12. Comparison between experimental data and
correlations (3.6 and 4.8 kg/m® guar in
304.8-m long, 60.3-mm OD coiled tubing (a/
R = 0.0185)).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 13. Comparison between experimental data and
correlations (oil-based drilling mud in 304.8-m
long, 60.3-mm OD coiled tubing, a/R = 0.0185).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

and Devarajan correlation. The rheological properties of the guar
fluids are: n = 0.432, K, = 1.066 Pa s" for 4.8 kg/m3 guar solu-
tion, and n = 0.527, K, = 0.352 Pas" for 3.6 kg/m3 guar solution.
It can be observed that there is a good agreement between the ex-
perimental data and the predictions by the new correlation of this
study. It is found that the deviations between the predicted and
experimental friction factors are generally within 10%. Unfortu-
nately, the Mashelkar and Devarajan correlation predictions are
much higher than the experimental data in this case.

Example 3—oil-based drilling mud in 60.3-mm CT

Figure 13 compares the experimental data of an oil-based
drilling mud in 60.3-mm CT with predictions by the two corre-
lations. The power law parameters of this oil mud are: n =
0.689, K, = 0.483 Pa s". It is shown that the new correlation is
very close to the experimental data, only underestimating the
friction factors by about 10.0%. The Mashelkar and Devarajan
correlation overpredicts the friction factors by about 37%.

Conclusions

(1) The boundary layer approximation method has been
successfully applied to the theoretical and numerical analysis
of laminar flow of power-law fluid in CT under conditions of
large Dean numbers.

(2) A new friction factor correlation has been developed
based on extensive numerical analysis. The new correlation,
expressed in an empirical form of Fanning friction factor as
function of generalized Dean number, curvature ratio, and
flow behavior index, can be used in the hydraulics design of
CT injection operations.

(3) There has been an excellent agreement between the
new friction factor correlation and the experimental data
obtained from experiments of typical drilling and completion
fluids in the full-scale CT flow loop.

(4) The Mashelkar and Devarajan correlation was eval-
uated by comparing it with the experimental data, Ito correla-
tion for n = 1 (Newtonian fluid), and the new correlation of
this study. It was found that Mashelkar and Devarajan corre-
lation failed to give any acceptable agreement with either the
experimental data or the Ito correlation.
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(5) The present work not only corrects the errors in the
Mashelkar and Devarajan correlation, but also extends the
range of applicability of the new correlation to fluids with
flow behavior indices as low as 0.25, which would cover
most fluids used in CT operations in the oil and gas industry
as well as other industries.
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Notation

a =radius of coiled tubing
a' = coefficient in Eq. 67
a/R = curvature ratio
b' = coefficient in Eq. 67
c1—ce = correlation coefficients in Eq. 66
C = axial pressure gradient
d = pipe diameter
D. = Dean number, (2a)"v,> "p/K
f=Fanning friction factor
F = function defined in Eq. 11
g(n) = function defined in Eq. 41
h(n) = function defined in Eq. 42
k(n) = function define in Eq. 43
K = consistency index of power law model
K, = consistency index from pipe viscometer, Pa-s"
K, = consistency index from Fann viscometer, Pa-s"
n = flow behavior index, dimensionless
Npn, = generalized Dean number, Eq. 70
Nge = Reynolds number (=pdv/u)
Ngeg = generalized Reynolds number(=d”v27"p/Kp8"71)
Nieg = defined in Eq. 49
p = pressure
r =radial coordinate
R =radius of coiled tubing reel
S = v-component velocity factor, Eq. 39
S, = dimensionless S, Eq. 46
So1, So3 =S, expansion coefficients, Eq. 55
u = velocity component in 7 direction
v = velocity component in 6 direction
Vi = mean velocity
w = velocity component in ¢ direction
w; = axial velocity component at the edge of the boundary layer
wio = value of w; at 0 = 0
w, = dimensionless axial velocity at the boundary layer edge
w,» = coefficient of w, expansion
x = horizontal Cartesian coordinate
y = vertical Cartesian coordinate
o = function defined in Eq. 53
J = boundary layer thickness
J, = dimensionless boundary layer thickness
do1, 0, = coefficients of J, expansion, Eq. 54
0 = angular coordinate
n = dimensionless coordinate (=¢&/0)
Yy = stream function
1L = Viscosity
E=a—r
p = fluid density
T = shear stress
¢ = axial angular coordinate
7 = shear rate

Subscripts

77 =1in r direction in plane normal to r
RO =in 6 direction in plane normal to r
r¢ =in ¢ direction in plane normal to r
00 = in 0 direction in plane normal to 0
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